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1. Introduction 

In this paper we give a proof of a Riemann-Roch type theorem for 
symplectic deformations. The main result of the present paper is used 
in ||BNT1|| in order to establish a conjecture of P. Schapira and J.- 



P. Schneiders about the microlocal Euler class. 

Let Ex be the sheaf of micro-differential operators on a complex man- 
ifold X. The microlocal Euler class fieu(Ai') of a good complex M.' 
of P-modules on X is the image of a certain homology class Eu £x (.M*) 
under the trace density morphism fi x from the Hochschild complex 
of Sx to the de Rham complex of T*X. We showed in ||BNT1|| that 
Fi\i £x (Ai') extends to a homology class ch £x (Ai') of the periodic cyclic 
complex, and that the map \i x extends to a morphism jl x from the 
periodic cyclic complex of Sx to the de Rham complex of T*X. Next 
we replaced the algebra of microdifferential operators by a deforma- 
tion quantization A t T , x of the structure sheaf of the cotangent bundle 
of X. We defined in this context the trace density map fl A and the 
periodic cyclic homology class ch A (M.')- This allowed us to reduce 
the conjecture of Schapira and Schneiders to a theorem about defor- 
mation quantizations of the structure sheaf Om of a complex manifold 
M with a holomorphic symplectic form u. Namely, let be such a 
deformation. We define the trace density map 

^ : ccr(Aif) -> CMttM^Hh^ 1 ] (i.i) 

in the derived category of sheaves on M. Here CC^ ex (A t M ) is the pe- 
riodic cyclic complex of the sheaf of algebras and u is a formal 
parameter of degree 2. We also defined the principal symbol map 

fro a: CCr^u) ->CCr(0 M ) ->C M [[u, u' 1 ] (1.2) 

(the first map is reduction modulo t, the second is the Connes-Hochschild- 
Kost ant- Rosenberg map from |Cj, 0). We reduced the conjecture of 
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Schapira and Schneiders to a Riemann-Roch theorem for deformation 
quantizations: 

fi* = o a) — A{TM) — e e (1.3) 

tf'(M,CCr r (A' M )) -^ J ff(M,C M [K«- 1 ][[t,r 1 ]) (1.4) 
(theorem |[BNT1]| , Theorem 4.6.1). 

Here 9 e jH 2 (M, C)[[t]] is the characteristic class of the deformation 
([0, 0; cf. the end of Section £T|). 



Note that the trace density map generalizes the canonical trace from 
0; it is also related to the construction of ||CFS|| (cf. |H|] for explana- 
tion) . 

To prove such a theorem, we need two techniques: 

• deformation quantization of complex manifolds 

• cyclic complexes of algebras 

as well as 

• Lie algebra cohomology and Gelfand-Fuks map 

In section |2.1| we review deformation quantization of complex sym- 
plectic manifolds (i.e. symplectic manifolds with a holomorphic sym- 
plectic structure). We essentially follow |NT3] where results of Fedosov 



are adapted to the complex case more systematically than here. We 
define Fedosov connections and their gauge equivalences. We show 
that locally any two are gauge equivalent. This implies that the sheaf 
of horizontal sections of a Fedosov connection is a deformation quan- 
tization of the structure sheaf of algebras. Finally we show that any 
deformation of the structure sheaf comes from a Fedosov connection. 

In section 4 we define in our context the Gelfand-Fuks map which 
allows to reduce problems about any deformation quantization to prob- 
lems about Lie algebra cohomology. Along these lines we reduce Riemann- 
Roch theorem to a parallel statement about complexes of Lie algebra 
cochains (theorem |3.3.1|) . This theorem compares two morphisms 

c*(e,t); ccriw)) ^C-( ,t);fi-(C M ))[[t,t- 1 ][K M - 1 ] 

(1.5) 

where W is the Weyl algebra of the complex symplectic space C M , g 
is the Lie algebra of continuous derivations of W, f) is the subalgebra 
sp(2d) of g, Q 9 stands for the completion of the de Rham complex 
of C 2d at the origin, C'(g, f); . . . ) is the relative Lie algebra cochain 
complex with coefficients in a complex of (g, f))-modules, and CC^ er is 
the periodic cyclic complex. The two morphisms (|1.5|) are the trace 



density map and the principal symbol map which are defined in 1372. 
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A little more precisely, the trace density morphism maps the periodic 
cyclic complex of W to the complex 

(h'[2d][[t,t- l ][[u,u- l ],td DR ) (1.6) 

and the principal symbol morphism maps the periodic cyclic complex 
to 

(o-IM-^K^VM (1.7) 

We identify both complexes above with the complex 

(fr[2d\[[t,r%u,u- 1 ],d DR ) (1.8) 

The complex ( |1.6| ) is identified with ( |1.8| ) by the operator I which is 
equal to the multiplication operator by t % ~ d on fl l [[t, t _1 ][[w, u^ 1 ]; the 
complex (|1.7|) is identified with ( |1.8|) by the operator J which is equal 
to the multiplication operator by u % ~ d on Q l [[t, t~ l ][[u, u~ 1 ]. Note the 
symmetry between "the Planck constant" t and the Bott periodicity 
formal parameter u. Thus, Riemann-Roch theorem is reduced to a 
purely algebraic statement (theorem ^.3.1| ). 

To prove this theorem, we construct an operator on CC^ er (W))[[t, t^ 1 ] 
whose composition with the trace density map is easily computable and 
which is cohomologous to the identity map. To be able to do that, we 
use an algebra of operations on the periodic cyclic complex of any alge- 
bra |[NT2 |. More precisely, we construct an action of the reduced cyclic 

complex C^_ 1 (A) on CC^ cr (A) for any algebra A over a commutative 



ring k of characteristic zero (Theorem 6.7.1 ). At the level of homology 



this action is very simple: it is given by multiplication by the image of 
the boundary map 

d:C X .(A)^CC.(k)[l] (1.9) 

(the right hand side is equal to «]]/£;[[«]]). At the level of chains, 

however, the above action is given by a non-trivial formula which al- 
lows to compute it explicitly in an important example. Namely, for 

A = W we construct the fundamental class in C 2rf _ 1 (W / ) which we 
extend, canonically up to homotopy, to a cocycle U of the double 

complex C'(q, f); C, (W)). One sees easily that the pairing with U, 
followed by the trace density map, is the principal symbol map. It 
remains to compute the pairing with U at the level of homology. This 
is , as mentioned above, tantamount to computing the image of U in 
H*(q, t); CC.(k)) ~ H*(&,t)) ® (k[u~ l ,u]}/k[{u}]) under the boundary 
map d. 

For this, two more technical tools are needed. First, we need an 
explicit formula for the boundary map d ( p..9[ )). We recall this formula, 
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due to Brodzki, in subsection |5.2| . This formula, being completely 
explicit, does not, however, solve our problem by itself because we lack 
explicit information about the fundamental cycle U. To be able to 
write U explicitly, we need one more simplification. Recall first that 
for a Lie algebra g with a subalgebra f) whose adjoint action on g is 
semisimple, one can define the Chern-Weil map 



CW : fcfe"? &) 



Composed with the Gelfand-Fuks map (|4.2| ), this map gives the clas- 
sical Chern-Weil map. Following fNT4], we generalize the map CW to 
the case of cochains with non-trivial coefficients. More precisely, we 
consider complexes L* of g-modules which are homotopy constant in a 
simple natural way which is explained in Definition |7.3.1| . For such 
complexes we construct a generalized Chern-Weil map whose right 
hand side is the double complex C*(g, f);L*). The left hand side is, 
roughly speaking, the complex of L'- valued f)-equivariant polynomials. 
If g acts on a manifold M by vector fields, then the de Rham complex 
L* = A'(M) is a homotopy constant complex of g-modules. If the 
action of f) integrates to a group action, then the right hand side of the 
generalized Chern-Weil map is the complex of equivariant different ial 
forms on M. 

(Note that the formula of Brodzki for the boundary map itself is in 
our exposition obtained from the map dual to CW, applied in the case 
when g = qI(A) and f) = Ql(k) for any algebra A. The Chern-Weil map 
surfaces in this paper one more time, when we deduce theorems p.7.'d 
and |6.7.1| from a more general theorem of non- commutative differential 
calculus). 

We show that the fundamental cocycle U is in the image under the 
generalized Chern-Weil map of a cocycle that can be constructed ex- 
plicitly. The image of this last cocycle under the boundary map d is 
computed directly. This completes the proof. 

Let us say a few words about one of the tools used in the proof, 
namely operations on Hochschild and cyclic complexes (subsection p.7| ) . 
The results and constructions of these subsections are part of what 
we call non-commutative differential calculus: non- commutative gen- 
eralizations of geometric objects such as differential forms, multivec- 
tor fieds, etc., carry algebraic structures similar to classical ones, up 
to strong homotopy. Another manifestation of this principle is a re- 
cent theorem of Tamarkin stating that the algebra of Hochschild 
cochains is a strong homotopy Gerstenhaber algebra. Conjecturally, 
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the theorem of Tamarkin and the results of |6.7| have far-reaching com- 
mon generalizations. Together with the formality theorem of Kontse- 
vich, they would lead to a generalization of the Riemann-Roch theorem 
to all deformations, symplectic or not ( |[TT|| , [[Tsl|1 ). 

Acknowledgements. This paper, as well as |[BNT1|| , has profited 
greatly from our discussions with A. D'Agnolo, M. Kashiwara and 
P. Schapira. We, especially the last author, are greatly indebted to 
B. Feigin for many ideas used in this work. 



2. Deformation quantization 

In this section we outline the approach to deformation quantization 
pioneered by Fedosov which is crucial to our method of proof of Theo- 
rem 4.6.1, [|BNT1|| . 

2.1. Review of deformation quantization. A deformation quanti- 
zation of a manifold M is a formal one parameter deformation of the 
structure sheaf Om, i-e. a sheaf of algebras A f M flat over C[[t}} together 
with an isomorphism of algebras if) : A^ <E>c[[t]] C— >Om- 
The formula 

{f,g} = \[L~g]+t-k t M , 

where / and g are two local sections of Om and /, g are their respec- 
tive lifts to A f M , defines a Poisson structure on M called the Poisson 
structure associated to the deformation quantization A f M . 

A deformation quantization A^ is called symplectic if the associated 
Poisson structure is nondegenerate. In this case M is symplectic. In 
what follows we will only consider symplectic deformation quantiza- 
tions, so assume that A^- is symplectic from now on. 

Let us note first that, given a deformation A^- as above, if) induces 
locally an isomorphism of the sheaves of C- vector spaces: 

if) : HirA^/t^ 1 ^ ~ O v [[t)). 

If one choses a cover by Stein subsets, then the left hand side is iso- 
morphic to A^; this implies that there exist local isomorphisms 

*u:tfj^(Ou[[t]],*u) 

of C[[t]]-algebras with transition isomorphisms Guv — ^u^y 1 °f the 
form 

G uv = f + tD u l v + t 2 D u 2 v + .... (2.1) 
In the rest of this section we will work under following condition. 
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Assumption. Both the local products *u and the linear trans- 
formations DV V above are given by finite order holomorphic 
(bi-)differential operators. 

Similarly, an isomorphism of two deformations will be always under- 
stood as an isomorphism of sheaves of algebras whose restrictions to 
coordinate charts U are given by 

T v (f)= id + *%,*(/) 

i>X 

where Tu^(f) are holomorphic differential operators. 

Example 2.1.1. Let M = C 2d . Define the product on A^, 2 d to be, in co- 
ordinates xi, . . . , Xd, Ci) • • ■ ) £,d on C 2d , the standard Moyal-Weyl prod- 
uct 




where x = (x u . . . ,x d ), £ = (6, • • ■ ,€d), V = (Vu ■ ■ ■ ,Vd), V = 
(Vi,--- ,Vd)- 

2.2. The Weyl algebra. The Weyl algebra of a symplectic vector 
space (V, u) over C may be considered as a symplectic deformation 
quantization of the completion of V at the origin. 

Here we briefly recall the definition and the basic properties of the 
Weyl algebra W = W(V,u) of a (finite dimensional) symplectic vector 
space (V,co) over C. Let V* = Hom c (V r ,C). 

The Moyal-Weyl product on Sym*(V^*)[t] is defined by the formula 

oo /f\ n 
n=0 ' ^ ' 

where 

d n : Sym'(V*) -*Sym'(V*) ® Sym n (V) 

assigns to a polynomial the symmetric tensor composed of its n-th order 
partial derivatives, and u is extended naturally to a bilinear form on 
Sym n (V). Clearly, this sum is finite for any two polynomials f,g. Of 
course, (|2.2|) becomes the formula from |2.1.1| in Darboux coordinates. 
Let 

m = Ker(Sym'(^*) -> C) 

s^- ( n = iim Sym,(y,) 
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Define a nitration F. on Sym (V*)[[i]] by 

F_ p S^rn>*)[[*]] = (2.3) 

• 

The Moyal-Weyl product endows Sym (V*)[[t]] with a structure of 
an associative algebra with unit over C[[£]]. Moreover, the Moyal-Weyl 
product is continuous in the topology defined by the filtration F.. Let 
W = W(V) denote the topological algebra over C[[t]] whose underlying 
C[[i]]-module is Sym (V*)[[£]] and the multiplication is given by the 
Moyal-Weyl product. 

Note also that the center of W is equal to C[[t\] and [W, W] —t-W. 

Clearly, the association (V,u) i— > W(V) is functorial. In particular, 
the group Sp(V) acts naturally on W(V) by continuous algebra auto- 
morphisms. The infinitesimal action of the Lie algebra sp(V) is given 
by operators | ad(/) where / are in Sym 2 (V*). This correspondence 
defines a linear isomorphism sp(V) ~ Sym 2 (V*). 

2.3. Derivations of the Weyl algebra. Let g = g(V) denote the 
Lie algebra of continuous, C[[t]]-linear derivations of W. Then there is 
a central extension of Lie algebras 

o-Icpi-^w-fl-o, (2.4) 

where the Lie algebra structure on \W is given by the commutator 
(note that \_\W, jW] C \W) and the second map is defined by |/ i— > 

![/>•]■ 

Let 

F P g = {D e g | D(FiW) C F l+p L^ for all 

Then (g, F.) is a filtered Lie algebra and the action of g on W respects 
the nitrations, i.e. [F p g, F q g] C F p+9 g and F p gF q W C F p+g VT. 

The following properties of the filtered Lie algebra (5, F.) are easily 
verified: 

1. Gr p g = for p > 1 (in particular g = Fig), hence Grfg is 
Abelian; 

2. the composition jV <^-> jW^ ^ ^ Grf $j is an isomorphism; 

3. the composition sp(V) -> Sym 2 (V*) -> \F_ 2 W -> F g -> GV^g 
is an isomorphism; 

4. under the above isomorphisms the action of Gr^g on Gr[g is 
identified with the natural action of sp(V) on V (in particular 
there is an isomorphism g/F_ig = V x sp(V)); 

5. the Lie algebra F^g is pro-nilpotent. 
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In what follows 1} will denote the Lie subalgebra of g which is the 
image of the embedding sp(V) $j. 

2.4. The Weyl algebra as a deformation quantization. The (com- 
mutative) algebra W/tW is naturally isomorphic to the completion 
O = Oy of the ring Oy of regular functions on V at the origin, i.e. 
with respect to the powers of the maximal ideal m of functions which 
vanish at G V. The natural surjective map 

o : W(V) ->d v 

is strictly compatible with the filtration F, on W and the m-adic fil- 
tration on Oy. The Poisson bracket induced on Oy is the standard 
one. 

It is well known (and not difficult to show) that any deformation of 
Oy with the above properties is isomorphic to W. An isomorphism 
can be chosen as a continuous linear map which preserves the filtration 
F and is equal to identity on gr F A t . 

The Lie algebra g acts by derivations on O by the formula 

D(f) = a(D(f)) , 

where D G Q and / G W is such that cr(f) = f. Thus, a is a map of 
0-modules. 

2.5. The sheaf of Weyl algebras. The sheaf of Weyl algebras Wm 
on M is the sheaf of topological algebras over the sheaf of topological 
algebras C?m [[£]] (equipped with the t-adic topology) defined as follows. 

Let 6m denote the sheaf of holomorphic vector fields on M, Q* M = 
Homo M (®M, Om). Let T denote the kernel of the augmentation map 

Sym' OM (e* M )® OM M ^0 M . 

Let Symo M (6^) be the completion Sym^ (G* M ) [[*]] of Sym^ M (9^)® 0jv 

- — - • 

Om in the X-adic topology. Then Sym G (G^)[[£]] is a topological 

0Af [[i]]-module. The Weyl multiplication on Sym c , A/ (@m) [M] ^ s defined 
by fl2.2p. Then Wm is the sheaf of C>^[[t]]-algebras whose underlying 
sheaf of Cm[[^]] -modules is Sym c , M (9^ f )[[t]] and the multiplication is 
given by the Moyal-Weyl product. Note that the center of Wm is 
M [[t]], and [W M ,W M }=t-W M . 
Let 

F- P W M = ^ ( 2 - 5 ) 
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Then (W M , F.) is a filtered ring, i.e. F p W M ■ F q W M C F p+q W M . Note 
that the quotients F p Wm /F q Wm are locally free CM-modules of finite 
rank. The Weyl multiplication is continuous in the topology induced 
by the filtration F. 

2.6. Review of the Fedosov construction. We refer the reader to 
and ||NT3|| for a detailed exposition of the construction of deforma- 



tion quantizations via Fedosov connections. 

Let A™ denote the sheaf of complex valued C°°-forms of type (p, q) 
on M, A S M = ® p +q= s A P M . Let F.A* M denote the Hodge filtration and 
d the de Rham differential. Then {{A' M , d), F.) is a filtered differential 
graded algebra (i.e. F r A' M F s A' M C F r+S A' M and d(F r A* M ) C F r A* M ). 

Remark 2.6.1. Here and below, for any ring A, when we consider a 
tensor product over A by a pro-finite rank free A-module, we mean a 
completed tensor product. 

The space 

A' M (W M ) = f Q)A p M (W M )[-p] 

V 

has a natural structure of a sheaf of graded algebras. Let 

F r A' M (W M ) = Yl F p A *m ®°m FpVf M ■ (2-6) 

p+q=r 

Then (A* m (Wm), F.) is a filtered graded algebra over (A' M ,F,) (i.e. 

F r A p M (W M )F s A 9 M (W M ) C F r+s A p + q (W M ) and F r A p M F s A 9 M (W M ) C 
F r+s A p p(W M )). 

The associated graded algebra of A* m {Wm) of the filtration F, is the 
commutative algebra 

A' M (Sjm' je* M ))[t} = Al'(Sym- OM (e* M ) ® A^(9* M ))[t] 

(2.7) 

(the degree of an element of ^'(Sym* V ® A J Y)t fe is -(« + j + 2fc)). 

Definition 2.6.2. Let 5 be the Koszul differential on ( |2.7| ), i.e. the 

"^m(^o m (®m)) M _nnear derivation of the commutative algebra which 
sends any X G Sym^G^) to X e A 1 (6^) 

We will show that for any deformation of Om there exists a map 

V:^(W M )^^(W M )[1] (2.8) 

which has the following properties: 
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1. V (F P A' M (W M )) C F p A' M (W M ); the induced map 

GrfV : Gr^A' M {W M ) ->Gr{A' M (W M ){l] 
is equal to d + 5 where <5 is the Koszul differential from Definition 

2. V 2 = 0; 

3. (^(Wm), V) is a sheaf of differential graded algebras over the 
C°° de Rham complex (A* M) d) (in particular H'(A' M (W M ), V) is 
a sheaf of graded algebras over the constant sheaf C a/ [[£]]); 

4. there is a filtered quasi-isomorphism 

(A^F.) ^((A' M (W M ),V),F.) 

of differential graded algebras over Cat [[£]] (in particular 
W(F q A' M (WM), V) = for p ± 0) 
Therefore V is determined by its component 

V : A° M (W M ) -^AUWm) 

which has all the properties of a flat connection on W«. 

To be able to prove the existence and the properties of V, let us 
define it in a slightly different, more differential-geometric language. 

Let H = Sp(dimM) and f) the Lie algebra of H. Put P M denote 
the if -principal bundle of symplectic frames in TM. We identify TM 
with the vector bundle associated to the standard representation of H. 
For h in f) let h be the vector field on P induced by h. 

Recall that, for an fy-module V, one can define the subcomplex 
[7r„^4p (g) v] basic C n*Ap of all basic ^-valued forms a, i.e. of all forms 
in Ap <S> V such that 

L~ h a> = 0; L~ h a> = ha 

for all h in h. In other words, the complex of basic forms can be defined 
as the pull-back diagram 

[ir*A' P ® V] basic > C'(Tr*T P ,i);V) 

ir*A' P ®V ► C'(n*T P ;V) 

where Tp denotes the sheaf of Lie algebras of C°° vector fields on P 
and the complexes in the right hand side stand for the relative and the 
absolute complexes of Lie algebra cochains. 

Let W denote the Weyl algebra of the standard representation of 
H. Then Wm is identified with the sheaf of sections of the associated 
bundle P Xh W and pull-back by n 

4(W M ) -+n»A' P ®W 



RIEMANN-ROCH THEOREMS VIA DEFORMATION QUANTIZATION II 11 



identifies W^-valued forms on M with the subcomplex of basic W- 
valued forms on P. The flat connection V gives rise to a g(= Der(W))- 
valued 1-form A e H°(P; A l P ® g) which satisfies 

L- h A = h and L~ h A = ad(h)(A) for all h 6 f) (2.9) 

(where, as above, h is the vector field on P induced by h) and the 
Maurer-Cartan equation 

dA + ^[A,A]=0 (2.10) 

(so that (d + A) 2 = 0). Then, pull back by tt induces the isomorphism 
of filtered complexes 

(4(Wm), v) -> {[^Ap^w] 1 " 1810 , d+ a) . 

In other words, let U a be a cover of M by Darboux coordinate charts. 
The coordinates on U a trivialize the holomorphic tangent bundle on 
those charts, and let g a p be the transition isomorphisms with respect 
to these trivializations. We have holomorphic maps 

g af s :U a DUp^ Sp(2n, C) -> Aut(W) 

which are the transition functions of the Weyl bundle. A Wa/- valued 
form on M is a collection of W- valued forms u a satisfying u a = g a pUJp. 
A form A as above is a collection of g-valued 1-forms A a satisfying 

A a = -dg af3 g~p + g a pApg~p 

Any g-valued 1-form A on P which satisfies ( |2.1(J| ) defines a map V 
as in ( |2.8| ). This map automatically satisfies conditions 2 and 3 after 
(|2.8| ). In order for it to satisfy condition 1, the following must be true: 

A e A-i + A + A l (M, F-ig) (2.11) 

A G A 1 '°(P,sp(2n)) (2.12) 

and A_i is the tautological holomorphic form 

A_i :TM ^T*M ^ F^eriWiT)) (2.13) 

where the first isomorphism is induced by — ui viewed as an element of 
T*M® 2 ~ Hom(TM, T*M). 



Definition 2.6.3. A g-valued form A on P which satisfies (|2.9j), ( |2.10 ), 
( |2.11| ), ( |2.12[ ), ( |2.13| ) is called a Fedosov connection form. The operator 
V = d + A is called a Fedosov connection. 
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Definition 2.6.4. Two Fedosov connections d+A and d+B are gauge 
equivalent if there is an element X in A°(M, F-iq) such that d+ B = 
exp(adX)(d + A) 



Theorem 2.6.5. 1. For any Fedosov connection V , the sheaf KerV 
is isomorphic to a deformation of Om- 

2. For any deformation of Om there is a Fedosov connection V and 
a quasi-isomorphism A M — > (A m (Wm), V) of (sheaves of) dif- 
ferential graded algebras over [[£]]. If two deformations KerV 
and Ker V' are isomorphic then V and V are gauge equivalent. 

3. Any two Fedosov connections are locally gauge equivalent. 

For the readers convenience we include a sketch of the proof. A more 
complete proof is contained in ||NT3| . 



Sketch of the proof. To see why any two Fedosov connections 
are locally gauge equivalent, assume that we are given two Fedosov 
connections V and V. We proceed by induction, assuming that V — 
V' is in A'(M,F_ n Q), n > 0. Then there is a gauge transformation 
which sends V to V such that V — V is in A 1 (M, F_ n _ 1 g). Indeed, 
to find such a transformation of the form exp(adX) where X is in 
A°(M, F_ n _ig), one has to solve the equation 

(d + 5)(X) = V - V modulo A 1 {M,F_ n _ x Q) (2.14) 



(cf. condition 1 after 

Consider the complex (A M (gr^(g)), d+5). It is isomorphic to (A M (/\*(T M ) 
S' (T M )[[t]}) , d + 5o) where 5$ is induced by the de Rham differential on 
A*(T| f )®S ,, (T^ f )[[t]]. Therefore 5 is acyclic in degree greater than zero, 
and its cohomology is isomorphic to the Dolbeault complex A' M [[t]]. 
Thus, the complex (A%(gr^(g)), d + S) is quasi-isomorphic to ^4*/[[t]]. 
One checks that the right hand side of ( [2.14|) is a d + 5-cocycle in 



A' M (gr F n (g). Therefore, locally, this equation always has a solution. 

To prove that any deformation is isomorphic to KerV for some Fe- 
dosov connection V, note that, if is such a deformation, then the 
bundle of jets of its holomorphic sections is a bundle of algebras. This 
buldle of algebras is equipped with a canonical flat connection which 
we call the Grothendieck connection. It also has a filtration which is 
preserved by this connection. To define this filtration on any fiber J x of 
the jet bundle at a point x e M, let m x . be the ideal of jets of functions 
vanishing at x, and let F n J x be the completion of 



F n J x = v< 
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The associated graded algebra of this filtration is the Weyl algebra. 
As C°° bundles of algebras, the bundle of jets and its (completed) 
associated graded bundle are isomorphic. Therefore the Weyl bundle 
has a flat connection (the image of the canonical connection under this 
isomorphism). This connection is a Fedosov connection whose kernel 
is isomorphic to the sheaf of holomorphic sections of V. 

To compute the cohomology of the complex (A' M {W), V), note that, 
locally, any Fedosov connection is gauge equivalent to the standard 
connection Vo = d + 5 whose cohomology is the sheaf So, for 

any V, the zeroth cohomology is a deformation of (Dm and the higher 
cohomology is zero. Finally, any isomorphism KerV ~ KerV' extends 
uniquely to an automorphism of the Weyl bundle intertwining V and 
V. (To prove this, it is enough to work locally and to assume that 
V = V = Vo). This completes the proof. 

2.7. The characteristic class of a symplectic deformation. To a 

deformation A f M , one can associate a characteristic class 9 in 

H 2 (M, |C[[£]]) as follows. Let A be a Fedosov connection such that 

A l M = Kex(d + A). Let A be a \W- valued form on P satisfying (|2.9|), 

(|Z[n]), (gTg ), ( P13P . We call A a lifting of A if its image in A 1 {M, g) 
under the map induced by (|2.4j). 

It is easy to see that any Fedosov connection has a lifting. For any 
lifting, the curvature 

6 = dA + -[A,A] (2.15) 

is a 2-form with values in |C[[t]] because of fl2.10| ). If A and A + a 
are two liftings of the same connection, then a is C[[t]]-valued and the 
curvatures of the two liftings differ by da. For two gauge equivalent 
liftings the curvatures are the same. Therefore, because of theorem 
|2.6.5| (second part of statement 2), the cohomology class of 9 depends 
only on an isomorphism class of a deformation. This cohomology class 
is called the characteristic class of the deformation A' M . 



3. The Riemann-Roch formula in the formal setting 



The aim of this section is to state Theorem |3.3.1| which compares 



two morphisms from the periodic cyclic complex of the Weyl algebra 
W to the de Rham complex. The first morphism is the trace density 
map (cf. |3.2.1|) which maps the periodic cyclic complex of W to the 
complex 



{n*[2d\{[t,r l \[[u,u 



,td 



DR) 



(3.1) 
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The second is the the principal symbol map followed by the Hochschild- 
Kostant-Rosenberg map (cf. |3.2.2|) which maps the periodic cyclic 
complex to 

(6-* [[t, r 1 ] [[«,«- V<W> (3-2) 

We identify both complexes above with the complex 

(fi'^tMiiKu- 1 ],^) (3.3) 

The complex ( P-lfl is identified with ( |3 . 3| ) by the operator / which is 
equal to t l ~ d on Q l [[t, t~ 1 } [[u, u~ l ]\ the complex ( |3.2|) is identified with 



it, u 



-ii 



( |3.3| ) by the operator J which is equal to u l d on x ] 
Riemann-Roch theorem for deformation quantizations will be deduced 



from Theorem 13.3.11 in Section 



3.1. The Hochschild homology of the Weyl algebra. We recall 
the calculation of the Hochschild homology of the Weyl algebra ( |[FT1 

H2) 



From now on W = W(V, to). Note that the identity map furnishes 
the identification W op = W(V, -u). Let 

W e d = W((V, u) © (V, -uo)) . 

There is an isomorphism of algebras W / ®q[t]]W /op — > W l . 
Let 

C p (W) = W((V, cu)® p+1 ) . (3.4) 

Here, as above, for us tensor products of complete /c-modules always 
mean completed tensor products. 

The Hochschild differential (|6.1|) extends to this setting and gives 
rise to the complex C,(W) which represents W W in the derived 
category. 

The Koszul complex (K*, d) is defined by 

K- q = W® /\V 
with the differential acting by 

d{f ® V! A . . . A v q ) = t ^2(-lY[f, v i ]®v l f\...f\v i f\...f\v q 

i 

Here we consider V* embedded in W and f\ q V* embedded in (V*)® q . 
The map 

K* ->C.(W) 

defined by 

/®d 1 A...A...Aj),m/® Alt(v 1 (g) • • • ® v q ) 
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is easily seen to be a quasi-isomorphism. (Indeed, it preserves the 
complete filtration by powers of t and induces a quasi-isomorphism at 
the level of associated graded quotients). Hence it induces a quasi- 
isomorphism 

K'[r 1 } ^C.{W)[r x ] . (3.5) 

Suppose that dimV^ = 2c?. Let Vt' = fly denote the de Rham com- 
plex of V with formal coefficients (i.e. fl v = fl v ®o v &v)- The map 

w®/\ q v* ->h 2d - q at]] 

given by 



/ ® v x A . . . A v q h+ / • t vi ■ ■ ■ L Vq (uj Ad ) 

(where / G O) is easily seen to determine an isomorphism of complexes 

(K'(W),d) -^(h'[[t]],t-d DR )[2d] . (3.6) 

It follows from Poincare Lemma (for power series) that the following 
is true: 

Proposition 3.1.1. 1. H p C,{W)\t~ l ] = for p ^ -2d 

2. the maps ( |3.5|) and ( p.6|) induce the isomorphism H~ 2d C 9 (W)[t~ 1 ] - 
C[t _1 ,t]] which maps the class of the cycle l®jjUJ Ad G W®/\ 2d V* 
to 1. 



If Xi, . . . ,Xd,£i,... ,£d is (dual to) a symplectic basis of V (so that 
uj = J2i x i^i)y then one can choose a generator which is represented by 
the cycle Alt{l®Xx®-- -®x d ®£x® ■ ■ G C 2 d(W). We will denote 

this cycle (and its class) by $ = $y. Note also that $ corresponds 
under the above (quasi) isomorphisms to the cocycle led . 

Observe that the Lie algebra q acts on the Hochschild complex by 
Lie derivatives. The cycle $ is not invariant under the action of g. It 
is, however, invariant under the action of the subalgebra f}. 

3.2. Some characteristic classes in Lie algebra cohomology. We 
will presently construct the classes in relative Lie algebra cohomology 
of the pair (g, fj) which enter the Riemann-Roch formula in the present 
setting. 



3.2.1. The trace density. In |3.1| , we constructed a quasi-isomorphism 

(h'[2d}[t-\t}},td DR ) — cflJOfr 1 ] 

Since f) acts semi-simply on C.(H / )[t~ 1 ] and this quasi- 

isomorphism admits an f)-equivariant splitting 

//J 0) : c.{w)[r l ] ^{n v [2d][t-\t\}M D R) 
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which is a quasi-isomorphism. We identify the right hand side with 
(fiy-[2d][i -1 , t\], (Idr) by the operator / as in the beginning of Section 
§ 

We will consider the map jjL^ as a relative Lie algebra cochain 

Lemma 3.2.1. fiLs extends to a cocycle //* = YlplAp) w ^ 

fa e CP(fl^;Hom-'(C'.(W0[r 1 ],n*[r 1 ) t]][2d|)) . 

Moreover, any two such extensions are cohomologous. 

The proof follows easily from proposition |3.1.1| . 

Remark 3.2.2. As above, when we work with a g-module C P (W), C p (Ov), 
etc., we always use completed tensor products. By Hom(C p (W), f2 9 [t -1 , t]]), 
etc. we always mean the space of those maps from ® p+1 Ov [[t]] to 
which are of the form 

Z}(/ ,...,/ p ) = ^fA(/o,..,/p) 

i>m 

where Di are multi-differential operators (of finite order) which are 
equal to zero if fj = 1 for some j > 0. 

Cup product with // induces the quasi-isomorphism of complexes 

ti % : C\Q,\)-C.{W)[r 1 ]) ->C*( fl ^;f2'[2^[t- 1 ,t]]) 

unique up to homotopy. 

Lemma 3.2.3. [A^ extends to an \)-equivariant quasi-isomorphism of 
complexes 

% Q) : ccr(w)[r l ] -+n-[2d][r\t]][u-\u\] 

We will consider the map pL^ as a relative Lie algebra cochain 

/i| o) eC^0,po m o (acrW[r 1 ],n , H[r 1 ) f]][ u - 1 )M ]])) . 

Lemma 3.2.4. pL, extends to a cocycle ft = w ^ 

Moreover, any two such extensions are cohomologous. 
The proof follows easily from proposition |3.1.1| . 
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Remark 3.2.5. In the formula above, Horn is understood as the module 
of those homomorphisms which preserve the (w)-adic filtration and are 
C[[M _1 ][M]-hnear. 

Remark 3.2.6. The image of // under the canonical morphism from the 
complex 

C # (g, fj; Hom*(CCf er (W)[r 1 ], h'[2d][t-\ t}})) to 

RHom^ w (C'C'f er (W')[r 1 ],n'[2d][r 1 ,t]][u- 1 ,u]]) a well defined mor- 
phism 

~ t . c-cr-^fr 1 ] ->n'[2cf|[r\*]][u-\u]] 

in the derived category of (g, f))-modules. The image of /2* under the 
functor of forgetting the module structure is JjjLy 

Cup product with ft induces the quasi-isomorphism of complexes 

ft : c^^crWlr 1 ]) -c-^^n'pdiir 1 ,*]]^- 1 ^]]) 

unique up to homotopy. 
The natural inclusion 

i : ccr{w) ->cc* er (wo[t~ 1 ] 

is a morphism of complexes of (g, f))-modules, therefore determines a 
cocycle 

i e CP(a,hKom°(CC^(W),CC* er (W)[t- 1 ])) . 
The cup product of i and ft is a cocycle 

ft^tE C'(g,i); Rom' (CC p , er (W),h'[2d][r\t]][u-\u}]) 
of (total) degree zero which represents the morphism 

ft a: cc p , er (w) ->fr[2d][r 1 ,t]][M- 1 ,w]] 

in the derived category of (g, f))-modules. 

3.2.2. The symbol and the Hochs child- Kostant- Rosenberg map. The sym- 
bol map is the map 

a : CC p , er {W) ->CCl er {0) 

induced by the algebra homomorphism a : W —> O). The Hochschild- 
Kostant-Rosenberg map 

~ . CC per^ ->(n-\u-\u]}MDR) - [u~\ u]] [t~ \ *]] , ud DR ) 

is defined by f <S> • ■ • <8> f P >— > ^ fodfi A ... A df p . We identify the last 
complex with 

(h'[2d\[ U -\ U ]][t-\t]],d DR ) (3.7) 
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by the operator J as in the beginning of Section |3|. 

Both p, and a are morphisms of complexes of (q, f))-modules, there- 
fore they determine cocycles 

a e C"(g, f); Rom'(CCr(W), CC p . er {d))) 

and 

/i6C'*( ^;Hom*(C'Cr r (O),Q*[2d][r 1 ,t]][ W - 1 , W ]])) . 

3.2.3. The A-class. Recall from |7]I| the Chern-Weil map 
CW:S^n'm^C 2 '(g,\);C) 
Let A denote the image under the Chern-Weil map of 

ad(f) 



f) 3 X i-> det 



exp(ad(Y)) — exp(ad(— ^)) 



3.2.4. T/ie characteristic class of the deformation. The central exten- 
sion of Lie algebras 

0^-C[[t))^-W^g^0 

restricts to a trivial extension of f), therefore is classified by a class 
6 G H 2 (g, f); |C[[t]]) represented by the cocycle 

e : x a y i-f [x/y] - [x, y] 

where ( ) is a choice of a C[[£]]-linear splitting of the extension. 

It will be important to remember that the above cohomology class 
is also a partial case of the Chern-Weil map: 

CW : -S^n'm* -C 2 '(0, (j; ic[[t]]) -C 2 '( , f); ic[[t]]) 

3.3. Riemann-Roch formula in Lie algebra cohomology. Let 

A = J2k>o^ 2k ^ e an even cohomology class, A 2 k G H 2k (g, f))- Let 
L* is any complex of 0[m -1 , w]] -modules. By A ^? we denote the mul- 
tiplication operator on C'(g, f); L*) given by 

c h-» A — c = ^v4 2fc ■ c • (3.8) 

fc>0 

where c is a cochain C*(g, f); L'). Formula (|3.8|) makes A an oper- 
ator of degree zero on C'(g, f); L') (recall that degree of u is equal to 
2). 

The following theorem is the analog of Theorem 4.6.1 of [ BNT1 | in 
the setting of this section. 
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Theorem 3.3.1. The cocycle jl t oL—{A-e e ) ^ (/io<j) is cohomologous 
to zero in C'(g, f); U.om 9 (CC* er (W), h'[2d][t-\ *]][u _1 , u]])). 

Corollary 3.3.2. The diagram 

CC p , er (W) — CCZ er {6) 

ccrWfr 1 ] n* v [2d][t~\t]][u-\u]] 

in the derived category of (g, -modules is commutative. 

Corollary 3.3.3. TTie diagram 

C*(g, f); CCr (W)) C«(g, ft COT {6)) 

is homotopy commutative. 

A proof of Theorem |3.3.1| will be given in Section [5]. 



4. Gelfand-Fuks map 

In this section we introduce the machinery related to the Gelfand- 
Fuks map and reduce Theorem 4.6.1, [ |BNT1|1 from its formal analog 
Theorem |3.3.1 . 



Suppose given a complex manifold M and a symplectic deformation 



quantization of M. By theorem |2.6.5|, there exist, unique up to 
gauge equivalence, a Fedosov connection V such that A l M — > KerV. 
Let ijj G H°(M; Q 2 M ) denote the associated symplectic form. 

Given A as above and a (filtered) topological g-module L such that 
the action of I) C g integrates to an action of H. Set 

(A' M (L), V) = f ( [ir*A' P ®L] basic ,d + A^j . 

Note that the association L i— ► («4.^-(L),V) is functorial in L. In 
particular it extends to complexes of g-modules. 

Taking L = C, the trivial g-module, we recover (A* M ,d). For any 
complex (L*, di) of g-modules as above the complex (A' M (L*), V + di) 
has a natural structure of a differential graded module over (A* M , d). 

The Gelfand-Fuks map 

GF = GF v :C-(g,h;L) -*A' M (L) 
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(the source understood to be the constant sheaf) is defined by the 
formula 

GF(c)(Xi, ... , X p ) = c(A(X 1 ), ... , A(Xp)) , 

where c G C p (g, f); L) and Xi, ... ,X P are locally defined vector fields. 
It is easy to verify that GF takes values in basic forms and is a map 
of complexes. Note also that GF is natural in L. In particular the 
definition above has an obvious extension to complexes of g-modules. 
Let g = expX be a gauge transformation between V and V, Then g 
induces an isomorphism 

g*:(A' M (L),V)^A- M (L),V) 

It is easy to see that GF-^i and g* o GFy are canonically homotopic. 

We now proceed to apply the above constructions to particular exam- 
ples of complexes L* of g-modules. In all examples below the g-modules 
which appear have the following additional property which is easy to 
verify, namely, 

H p (A' M (L),V) = for p^O . 

If (L*, di) is a complex of g-modules with the above property, then the 
inclusion 

(ker(V), cUker(v)) ^ (A' M (L'), V + d L ) (4.1) 

is a quasi-isomorphism. In such the map (|4. 1| ) induces an iso- 

morphism 

Rr(M;ker(V)) — >T(M; A* M (L')) 

in the derived category of complexes since the sheaves A* M (L m ) are fine 
and the Gelfand-Fuks map induces the (natural in L*) morphism 

GF : C'(q, f); L) -*RT(M; ker(V)) (4.2) 

in the derived category. 

For L = W (respectively g, CCl er {W), 3, C, fr, CCP er {0)), ker(V) = 
A* M (respectively Per(A* M ), CCr(Ki), ®m, C m , Q' m , CCr(0 M ))- 
We leave it to the reader to identify ker(V) for other (complexes of) 
g-modules which appear in Section [3| by analogy with the above exam- 
ples. 



4.0.1. The trace density. The image of /x* (defined in Lemma |3.2.4|) 
under (the map on cohomology in degree zero induced by) 

GF : C*(0,^;Hom , (C r Cr r (W)[r 1 ],fi , [2ti|[r 1 ,t]][«- 1 ,«]]) -> 

R r(M; Hom'fCCf r (A* f ) [r 1 ], n m M [2d] [t~\ t}} [u' 1 , u 

is the morphism (l\ defined in [|BN r l'l|| . 

Similarly, the image of ft? ^ i under GF is the morphism ft^ o i. 
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4.0.2. The symbol and the Hochschild-Kostant-Rosenberg map. The im- 



age of a (defined in |3 . 2 . 2|) under (the map on cohomology in degree zero 
induced by) 

GF : C'{g, tj; Horn* (CCT r (W), CC p , e r (<5)) -> 

R T (M; Horn ' (CCf r (A* f ) , CCl er {0 M )) 
is the morphism 

a : CCT r (A^) ^CCr r (0 A f) • 

The image of jl (defined in |3.2.2j) under (the map on cohomology in 
degree zero induced by) 

GF : C'{Q,i);}lom m {CCP er {d),n'[2d][u- 1 ,u)))) 

R r (M; Horn* (CCf r ( O M ) , Q' M [2d] [W^n]]) ) 

is the Hochschild-Kostant-Rosenberg morphism fiQ. 

4.0.3. The characteristic class of the deformation. The image of the 
cocycle 9 e C 2 (q, f); }C[[t]]) (defined in |3.2.4j) under the map 

GF:C\g 7 t)^C[[t}})^- t A' M [[t}} 

is the characteristic class 9 of the deformation quantization K l M defined 
in and (cf. |J. 

4.0.4. The A-class. The composition 

is easily seen to be the usual Chern-Weil homomorphism. In particular 
we have 

GF{A) = A{TM) , 



where A is defined in |3.2.3| . 



Combining the above facts we obtain the following proposition. 



Proposition 4.0.4. The image under the map GF, cf. \4-0.3j , of the 

cocycle ft ^ i — (fioa) ^ A ^ e 9 (see Theorem \3. 3. 1\ ) is the morphism 
LO $k~ (fio '—^ A e e ) o a. 



Corollary 4.0.5. Theorem 



3. 3. 1\ implies Theorem 4-6.1 of 



[BNTT 
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5. THE PROOF OF THEOREM |3.3.1| 

Let W be the Weyl algebra of the standard symplectic space C 2d , 
g = Der(W), f) = sp(2d). Let ft be the trace density map as in |3.2.1| . 
Note that the unit 1 of W can be viewed as a g-invariant periodic cyclic 
zero-cycle of W, therefore as a zero-cocycle in C"(g, f); CC% er (W)). The 
main difficulty in proving Theorem |3.3.1| is to find /i* (1) . The idea is 
to replace 1 by a homologous cycle on which ft is easy to compute. 
This cycle will be obtained as a result of evaluating on 1 an operation 
acting on C'(g, f); CC^ CT (W [t^ 1 ])). Complexes of such operations are 



studied in |6.7| . In particular, it is shown in Theorem |6.7.1| that for 

any algebra A the reduced cyclic complex (C. (A))[[w, vT 1 ], ub) acts on 
CC^ cr (A). Motivated by this, we construct the fundamental class U 

in the hypercohomology H'(g, f); C. (iy))[t _1 ][[n, u^ 1 ] of total degree 
1 (subsection |5.1| ). We will show that ft ■ (U»7) = Id where • is 
the pairing from Theorem |6.7.1| (Lemma |5.3.2[ ). Therefore, to prove 



Theorem |3.3.1| we have to show that the operation £/•? is cohomologous 



to (A ■ e e ) 1 ^?. To do that, in subsection we compute the image 

of the class U in H'(g, fj; ^.(lyfr/]))^- 1 ]! u, u : ] in terms of classes rf 771 ' 
(cf. subsections |Oi |675|) . 

All the facts about Hochschild, cyclic, and Lie algebra (co) homologies 
that we use is contained in sections |] and [7|. 

5.1. The fundamental class. 

Lemma 5.1.1. LetW denote the Weyl algebra of the symplectic vector 
space C 2d . Then 

HCiiWlr 1 }) = C[[t, r 1 ], i = 1, 3, • • • , 2d - 1; 

HC^wir 1 ]) = o 

otherwise. ( j|Bryj1 , ||FT1| ). 



Proof. From proposition |3. 1. 1| and from the spectral sequence ( |6.6| ) it 
follows immediately that 

HCi{W[t- 1 ]) = C[[t, r 1 ], i = 2d + 2i, i>0 (5.1) 

HCiiWir 1 }) = (5.2) 

otherwise. The explicit formula for a generator of HH2d{W[t~ 1 ]) (after 
(|3.6| )) implies that the image of this generator in HC2d(W[t~ 1 ]) goes to 
zero under the connecting morphism d to the reduced cyclic homology. 
Therefore the map 

HdiCfor 1 ]) -> HC^wir 1 }) (5.3) 
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is an isomorphism for i = 2d. Since this map commutes with the Bott 
periodicity map S, one sees that it is an isomorphism for all % > 2d. 
The lemma follows now from the long exact sequence associated to the 
exact triangle (|6.13|) . □ 



Let 



U = —— i k\t{v 1 ®---®V2 d ) (5.4) 

where {v±, ■ ■ ■ ,V2d} is a Darboux basis of V*. A simple computation 
shows that Br(?7 ) = 1 where Br is defined in (6.16). 

Lemma 5.1.2. The cycle Uq extends to a cocycle U of the complex 
C*(g, f); C. (iy))[t _1 ][u, u~ l ] of total degree 1 — 2d. Any two such exten- 
sions are cohomologous. 



Proof. Follows immediately from the fact that HCi(W[t *]) = for 
i > 2d - 1. □ 

It follows that the cohomology class of U is canonically defined. We 
will call this cohomology class the fundamental class. 

5.2. Computation of the fundamental class. For any algebra A, 

consider the DGA AW)] = (A, 6) <S)k (k[rj\,—), where degrj = 1 (in 

or] 

particular rf = 0) (cf. |6T3| ). Let 

^(n+l) d g n !^®«+l 



be the cycle in the reduced cyclic complex C 2n+1 (A[r]]) , as in ^T5 
Theorem 5.2.1. One has 

Jm+d) 

V- ^ /2m ' 

m>0 



Proof. Recall that q = jW is a central extension of g = Der(W). The 
preimage of f) = sp{2d) in f) splits canonically: f) = I) © jC[[t]]. 

(The subalgebra f) inside f) is identified with the linear span of the 
elements jV * w + ^u(v,w) where v and w are in V*). Note that for 
any (g, f))-module L 

C'(g,t);L) = C'(~B^L). 
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Note that the complexes of g-modules C X ,(W))[t~ l }[u, u^ 1 ] and C^(W[7/]))[t _1 ][u, u^ 1 ] 
are homotopically constant in sense of Definition [7.3. 1| . Indeed, for any 
$ £ W[t}] and for G A[rf\ let us define 

t$(a ® • • • <g> a p ) = 

-l p 



" ^(_l)E P <,(dega p +l)(deg-I.+l) ao ® . . . a . ® $ ® . . . ® a?) 

*=o (5.5) 



if X = |ad($) then one can put l x = i<s>- 

We would like to apply the generalized Chern-Weil map from ( |7.3| ) 

and reduce the theorem to a computation in C"(f)[e], I); C 9 {W))^" 1 } [u, u^ 1 ]). 
The problem is, the fundamental class U can be easily defined in this 
context but the cochains r/ m ) are not f}[e] -invariant. To correct this, let 

us introduce cocycles in C*(g[e], f); C.(I^[t7])[[u, m -1 ]): 

(X ie ,... ,X p e)^i XxV ...i Xpn r } ^ (5.6) 

for all p > 0; 

(X lt . . . ) h- 0, X t E Q. (5.7) 

Note that the restriction from C"(g[e], fj; ...) to C"(f)[e], fj; ...) is a quasi- 
isomorphism. We will denote by t^" 1 ' the image of the cocycle ( |5.6| , 
|5.7| ) under this restriction. Let us observe that there are two cocycles 
in C*(fl[e], f); . . . ) whose restriction to C'(t)[e},[); . . .) is rj^ : one is 
CW(r/ m l), the other is the cocycle (|5.6| , |5.7|) . But the restrictions of 
those cocycles to C*(g, f); . . .) are respectively CW(r]^) and r/( m ). We 
therefore see that 

CW{n [m] ) = r/ m) (5.8) 
in H'(q, [); C^(W))[t _1 ][u, u -1 ]. Thus, it suffices to prove the following 



Lemma 5.2.2. One has 

-1 [m+d] 

m>0 



m i?'(^e]^;ri(W[7/]))[r 1 ][[«,«- 1 ]. 

To prove this, let us first reduce the statement to the case d = 1. Let 
5(2 be the subalgebra of diagonal matrices in sp(2d); 0<2 = d © 

Lemma 5.2.3. (the splitting principle) . The restriction H'(t)[e],t)]k) - 
H*(pd[e],X>d',k) is a monomorphism. 
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Proof. Indeed, the left hand side is the space of f)-invariant polynomials 
on f)* tensored by the symmetric algebra of the space jC[[t]] whereas 
the right hand side is the space of polynomials on d* tensored by the 
symmetric algebra of the space |C[[t]]. But the space of [^-invariant 
polynomials on f)* maps to the space of polynomials on D* as the sub- 
space of polynomials invariant under the Weyl group. □ 



Therefore it is enough to prove Lemma |5.2.2| if one replaces 1} by 3^. 
Indeed, we want to compute U in the cohomology which is isomophic 
to H'(t)[e},t);CC.(k)y, but CC.(k) ~ k[u-\u]]/k[[u]} } thus the map on 
the cohomology which is induced by 0^ — » \) is a monomorphism. 

Next, note that d d = ffi d Di and W = ® d Wi where W x is the Weyl 
algebra of the standard two-dimensional symplectic space. Now, note 
that U = x d Ui where U\ is the fundamental class for d — 1 and x is 



the external product defined in 5.6. Note also that ^ l ' m| = rj xm for any 



m. So it is enough to prove lemma [5.2.2| if one replaces d by 1 and f) 
by t>i. 

But in this case the fundamental class U can be constructed explic- 
itly. Put d = then U is represented by the cocycle 



— u l - 2m 



m 

m=l 



(d ® xf m c™ - L (5.9) 



Recall that Di = C © jC[[t}}. For (a, b) E C © ±C[[i]] let 

Ci(a, 6) = a, /; ; 6*(a, b) = b 

One has 

with the differential ^ + w& + c\ ■ l x *q. The operator l x *q is given by 
formula fl5.5|) . We would like to compute [/ as in subsection |BT5] For 
this we can use Lemma |6.5.1| . Take j : W — >• C[[t, t -1 ], j(f(x,£,t)) 



/(0, 0, 0). One has p(d, x) — |; p(x, 9) = — |. Note that Br = on the 
image of ^#9. Indeed, p(x * 9, a) — p(a, x * d) = for all a. Therefore 
the map Br is a morphism of complexes. One has 



ml 2 ml 

oo £1 _ 



m=l 

£1 £1 



2m-2 

m=l 
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On the other hand, 

oo 

Br(r/ m+1 ]) = 5>-¥ m+ Vk 
1=0 

for every m. Therefore in the cohomology 

oo £1 _£1 

U = V( 62 ~ 6 2 e- d ) 2m u- m V ^} (510) 
i Cl 

m=l 

because their images under the map Br are the same and because this 
map is a quasi-isomorphism by lemma |6.3.1|. This proves Theorem 



5.2.1 



5.3. End of the proof of Theorem |3.3.1| . . 

Lemma 5.3.1. If one regards 1 in the left hand side as an element of 
C°( g ,t)-CC p er (W)),then 

/}'([/• 1) = 1 
in C m fa,t)in*M[t-\t]][u-\u]])) 



Proof. Because of Theorem |6.7.1| , 4, of formula ( |5.4j ), and of the defi- 
nition of U, one can conclude the following. The cochain U • 1 has the 
component in C°(q, f); u~ d C2d) which is equal to 

u~ d 

(U • 1) = -^l ® Alt(«i ® ... ® v 2d ) 

where v\, . . . ,V2d is a Darboux basis; all other components of U • 1 
are in C p (q, f); u t C2d+j) where p > and j > 0. Therefore these other 
components are sent to zero by /i*, whereas 

/}<((£/. l)o) = l 

□ 



Lemma 5.3.2. // one regards 1 m i/ie ie/t /iand side as an element of 
H ( Q ,t);CC p Q er (W)),then 



fi\l) = J2(A-e e ) 2m u d - m 



in C'(Q 1 \);Q'[2d}[t- 1 ,t\}[u- l ) u] 



Proof. Follows immediately from Theorem 5.2.1 and Theorem 6.7.1 , 
1. □ 



RIEMANN-ROCH THEOREMS VIA DEFORMATION QUANTIZATION II 27 



Now theorem |3.3.1| follows from the above lemma. Indeed, the inclu- 
sion of C[w _1 , w]] into CC^ er {W)) is a g-equivariant quasi-isomorphism 
because of Theorem |6.8.1| . This inclusion induces a quasi-isomorphism 

C\Q^m^\CCr{W)^[2d][t-\t}}[u-\u}}))-^ 

C'( S ^Q'[2d][t-\t]][u-\u]])) 

(recall that all our homomorphisms are by definition C[u _1 , u]] -linear 
and (w)-adically continuous). But under this quasi-isomorphism the 



images of the two sides of Theorem |3.3.1| are the same, namely the left 



hand side of the formula in Lemma 5.3.2. □ 



6. Appendix: Review of Hochschild and cyclic homology 

In this section we review the basic definitions of the Hochschild and 
the (negative, periodic, reduced) cyclic complex of an algebra, of a sheaf 
of algebras on a space as well as of the "topological" versions of the 
above. In particular we establish notational conventions with regard 
to Hochschild and cyclic complexes which are used in the body of the 
paper. After that, we will review additional results and constructions 
that we used in section [5], such as: an explicit formula for the connecting 
morphism from the reduced cyclic complex, an external multiplication 
on the reduced cyclic complex, and operations on Hochschild and cyclic 
complexes. 

6.1. Hochschild and cyclic complexes of algebras. Let k denote 
a commutative algebra over a field of characteristic zero and let A be 
a flat fc-algebra with 1^ ■ k contained in the center, not necessarily 



commutative. Let A = A/k, and let C P (A) d = A ®fc A^ ky . Define 

b:C p (A) — Cp_i(A) (6.1) 

a <g • • • <g a p h-> (— l) p a p a (g> • • • <g) a p _i + 
p-i 

V7— l) l a <g) - • • <g> ajOj+i <g) - • • <g) a p . 

i=0 

Then b 2 = and the complex (C.,6), called the standard Hochschild 
complex of A represents A (g^.^op A in the derived category of k- 
modules. The homology of this complex is denoted by H,(A, A), or by 
HH.(A). 
The map 

B:C P (A) C P+1 (A) (6.2) 



p 



a ® • • • ® a p N (— l) pi l (g> en <g> • • • (g) a p ® a ® • • • <E> Oj-i 



i=0 
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satisfies B 2 = and [B, b] = and therefore defines a map of complexes 

B : C.(A) — tf.(A)[-l] . 

For z, j,p e Z let 

cc-(A) = n Ci(A) 

?=p mod 2 

cc*r(A) = n C<(A) . 

i=p mod 2 

cc p (A) = a(A) 

2=p mod 2 

The complex (CC.-(A), 5 + 6) (respectively (CCf r (A), 5 + 6), respec- 
tively (CC.(A),5 + 6)) is called the negative cyclic (respectively pen- 
o<izc cyclic, respectively cyclic) complex of A. The homology of these 
complexes is denoted by HC~(A), respectively by HC per (A), respec- 
tively by HC.(A). 

There are inclusions of complexes 

CC-(A)[-2] ^ CC.(A) CC p , er {A) (6.3) 

and the short exact sequences 

-^CC-(A)[-2) -+CC,{A) ->C.(A) -*0 . (6.4) 

->C.{A) ->CC.{A) ^ CC.{A)[2\ ->0 . (6.5) 

The operator S is called the Bott periodicity operator. To the double 
complex CC,(A) one associates the spectral sequence 

E 2 q = H p . q (A, A) (6.6) 

converging to HC p+q (A). 

In what follows we will use the notation of Getzler and Jones ( ||GJ|| ). 
Let u denote a variable of degree —2 (with respect to the homolog- 
ical grading). Then the negative and periodic cyclic complexes are 



described by the following formulas: 

CC.(A) = (C.(A)[[u]},b + uB) (6.7) 

CCr(A) = (C.(A)[[u,u-\b + uB) . (6.8) 

CC.(A) = {C.{A)[\u,u- l }/C.{A)Mlh + uB) (6.9) 



In this language, the Bott periodicity map S is just multiplication by 
u. 
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6.2. The reduced cyclic complex. Recall the original definition of 
the cyclic complex from [|C1|| , ||Tsl|| . Let r = r p denote the endomor- 
phism of A® kP+1 given by the formula 

r(a <E> • • • <8> a p ) = (— l) p a p (g> ao • • • ® a p _i 

Let 

C p A (A) = A^ p+1 /Im(id -r) . (6.10) 
Recall that, if one defines 
b':C p (A) - 

P-i 

ao <8> ■ • • <8> a p i— > ^(— l) J a <£>•••<£> ajaj+i <8> • ■ ■ <8> a p 

i=0 



and 



N:C P {A) - C p ^(A) 
N = id+T + ...T p -\ 



then 



6(id-r) = (id-r)6'; b'N = Nb. (6.11) 
Therefore the differential b descends to a map 

b : C}{A) -+Ci_ x {A) ■ 

The complex C*(A) is isomorphic to CC,(A) in the derived category. 
(Sketch of the proof: in the cyclic double complex CC 9 (A) one can 
replace C 9 (A) by the cone of id— r and B by N. One gets a double 
complex which is quasi-isomorphic to CC m and which is in turn quasi- 
isomorphic to C x . Cf. for more detail). Let A = A/k and let 

C p (A)=T P+1 /lm(id-r) . (6.12) 

It is easy to see that the diferential b descends to C m (A). We denote 

the homology of the complex C,(A) by HC.(A). There is an exact 
triangle 

C x .(k) ->C X (A) -,C X .(A) ->C'(k)[l] . (6.13) 
This follows from the Hochschild-Serre spectral sequence 

E* q = H p ( S l(A), S l{k))®H q (gl(k)) 
converging to H p+g (gl(A)) and from theorem |6.4.1| . 
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6.3. Homology of differential graded algebras. One can easily 
generalize all the above constructions to the case when A is a differential 
graded algebra (DGA) with the differential 5 (i.e A is a graded algebra 
and S is a derivation of degree 1 such that 5 2 = 0). 

The action of 5 extends to an action on Hochschild chains by the 
Leibnitz rule: 

p 

6(a ® ■ ■ ■ ® a p ) = (-l) Efc<l(dcgaft+1)+1 (a ® ■ ■ ■ ® 5ai ® ■ ■ ■ ® a p ) 



The maps 6, 5, r are modified to include signs (cf. flN T2|| ) . The 

complex C m (A) (respectively C^(A), C,(A)) now becomes the total 
complex of the double complex with the differential b + 5. The negative 
and the periodic cyclic complexes are defined as before in terms of the 
new definition of C,(A). 

Given a DGA (A, 5), consider the DGA A[rj\ d = (A, 5) <g> fc (%], — ), 

where degr7 = 1 (in particular rf = 0). 

Lemma 6.3.1. The complex C^(A[rj\) is acyclic. 

Corollary 6.3.2. The morphism 

C X .(AM) ->C^(fc)[l] 

is an isomorphism. 

6.4. Relation to Lie algebra homology. For a DGA (A, 5) over 
k let Ql(A) = \imQl n (A) denote the (DGLA) of finite matrices. Note 



that Ql(k) is a DGL-subalgebra of Ql(A). Theorem |6.4.1| below iden- 
tifies their respective subcomplexes of primitive elements of the DG 
coalgebras C,(gl(A)) sKk) and C.(qI(A), Ql(k)). 

Let Ep q denote the elementary matrix with (-E^) = a and other 
entries equal to zero. 

Theorem 6.4.1. The map 

p+i 

a ® ■ ■ • <8> a p ^ E^l A E a x \ A ■ ■ ■ A E%L 1)0 
induces isomorphisms of complexes 

C. A (A) - PrimC.(flt(A)) flt(fe) [l] 

C X .(A) -> PrimC.( [(A), l(A;))[l] 
The proof is contained in |[Ts|| , |LOJ| , [0 
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6.5. The connecting morphism. We will now give an explicit con- 
struction of the connecting morphism in the exact triangle (|6.13|) and 
the isomorphism (in the derived category) of Corollary |6.3.2| . Because 
of the application that we need (via Theorem |6.7.1| ), we will work 
with a slightly generalized situation. Namely, let u be a formal pa- 
rameter of degree 2. For any DGA(A, 5), we consider the complex 

(C.(A)[w], ub + S). Define the boundary map d as the composition 

(C X .(A)[u], ub + 5) — > (C X (A[v])H ub + 5 + ^-) — > 

dT] (6.14) 

— (C X (k[ V ])[u], A) C*(k)[l][u] 

where the second morphism is an inverse to the quasi- isomorphism 
induced by the embedding k — > A and the last one is the boundary 
map in the triangle ( |6 . 1 3| ) (the composition of the last two is as in 
Corollary |03). 

It is easy to see that the map from Theorem |6.4.1| induces an iso- 
morphism 



(C X (A),ub + 5) ^PximC.(Ql(A),Ql(k))[l),ud Lie + S) 



(6.15) 



For a DGA (A, S) we denote by T(A) the tensor algebra of A and by 
j a fc-linear map A — >k such that j(l) = 1. 

Let p : T(A) — >k[u] denote the map defined by 

p(a) = j(Sa) for a G A, 
p(ai ® a 2 ) = uj(ai)j(a,2) — .7(0102) for ai, a 2 G A, and 
p = on A® p for p ^ 1, 2. 

For en G A, a ® • ■ • <g> a p G A®' p+1 with (^(dega* + 1)) - 1 = 2n+ 1 
let 

br 2n+ i(a ® • • • ® a p 



p 



V(-l) Efe < l(degafc+1)Efe ^ (dogafc+1) (p®- • -®p)(o;®- • -a ®- 
n! *=o (6.16) 

This defines a map br 2n+ i : C 2n+ i(^4)M - *k[u] (cf. ||Br|| ). Let br 2n = 
on C X 2n (A). 

Let l( n+1 ) = n!(n + 1)! • l® 2n+1 G C7 2 A n (A;). Let Br^ n+ i = br 2n+1 -1^ 
Br^ = 0, Br A = Br p . Occasionally, when this causes no confusion, 
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we will omit the reference to the algebra A from the notation and 
simply write Br. 

This defines the map of graded k [u] -modules 

Br A :C X .(A)[u]^C*(k)[l][u] 

which is, in fact, a map of complexes as follows from the alternative 
description given below. 

The splitting j induces the splitting p : qI(A) — >Ql(k) of the inclusion 

gl(k) •—>■ qUA). Let P n denote the invariant polynomial X i— > —tr(X n ) 
on Ql(k). Put 

R(p) = (ud Lic + 5)R(p) + \[R(pl R(p)\ (6.17) 

Then br2 n +i is the Chern character cochain P n (R(p)) composed with 
the morphism (|6.15|) . 

Cf . [T.l| for more detail on the generalized Chern- Weil map for relative 
Lie algebra cohomology. 

Lemma 6.5.1. The restriction of the pairing with P n (R(p)) to the sub- 
space of all primitve elements (see Theorem 6.4-1 ) coincides with the 
map br 2n+1 . 

The proof is straightforward. 

Corollary 6.5.2. The map LV 4 is a morphism of complexes. 

Proposition 6.5.3. The morphism LV 4 : C^(A) — > C^(k)[l] repre- 
sents the morphism d ( \6.14\ ). 

Proof. Definition 6.5.4. Put 

v in+1) = f n\. v ^ec x 2n+1 (k[v}) 

Lemma 6.5.5. • The image of 7/ n+1 ) under the connecting mor- 
phism is equal to the class of of the cycle l( ra+1 ) 
• br 2n+1 (r/™ +1 )) = 1 

This is easily checked by a direct computation. 

The map d is functorial, and Br" 4 '''' restricts to Br" 4 (respectively 
Br%'). Therefore, it is sufficient to verify that Br fc ^' represents the 
connecting morphism from (|6.13| ). But this follows from Lemma |6.5.5 . 

□ 

It is easy to see that the specialization of the morphism ( |6.14| ) at u = 1 
is equal to the connecting morphism in the triangle ( |6.13| ). 
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6.6. External product on the reduced cyclic complex. Here we 
recall the product 

x : C X .(A) ® C){B) -+C X . +1 (A ® B) (6.18) 

for any two differential graded algebras A, B. Note first that because 
of ( |6.11| ), the map N induces an isomorphism 

C,{A) ~ (Ker(id-r),&') (6.19) 
where in the right hand side id — r is considered as an operator on ~A* +1 . 

Lemma 6.6.1. If one identifies C X with the right hand side of (\6.19j) , 

then the shuffle product is a morphism of complexes 

x : C X .{A) C X (B) ->C X . +1 (A <g> B) (6.20) 
The same formula defines a product 

x ■.C X {A[V\)®C X {B[ V \) -*C X +1 ((A®B)[ V ]) (6.21) 

6.7. Operations on the cyclic complexes. Here we recall, in a 
modified version, some results from [|NT2j| . Let u be a formal parameter 
of degree two. Consider the differential graded algebra A[rf\ = A + Ar], 
degrj = — 1 (unlike in Lemma p. 3.1 ), rj 2 = with the differential -g-. 



Consider the complex C. (A[7/])[w] with the differential ^- + u ■ b. 
Theorem 6.7.1. There exist natural pairings of k [[«]]- modules 
. : clMmn ® CCZ.(A) -CCZ.(A) 

. : ciMmi^u- 1 ] ® cc p _ e :(A) -,cc p _: r (A) 

such that: 

1. jjM.? = Id form > 0. 

2. For X{ G A the operation (x\ ® • • • ® x p )»? sends Cn{A) to 

J2i,j>0 C N-p+i(A)u j . 

3. The component of (x\ ® • • • ® x p ) • (a <E> • • • <E> a^v) in Cn- p [[u]] is 
equal to 

1 p 

— 5^( _1 ) j(P ~ 1)a o[ x i+i' a i]N+2, a 2 ] • • • [ar<, a p ] <g> a p+ i ® • • • <g> a N 
P' i=i 

4. (xj ® • • • <g> x p ) • 1 = Er=i(- 1 ) i(p ~ 1)l ® ® z i+2 ® • • • ® Xi. 
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This theorem follows from two others which we include for the read- 
ers convenience. Let (C'(A, A), 5) be the Hochschild cochain complex 
of A. We denote its underlying differential graded algebra with the cup 
product by S A and its underlying differential graded Lie algebra with 
the Gerstenhaber bracket by Q* A ■ Recall that the Hochschild complex 
C,(A, A) is a module over the differential graded Lie algebra q' a ; we 
denote the action of a cochain D G Q A on C,(A, A) by Lp- At the level 
of cohomology, if A is the ring of functions on a smooth manifolds, this 
action induces the action of multivectors on forms via the Lie derivative 
L D = [d, l d ). 

Recall that the complex CC~(A) (or CC^ CT (A)) carries a multipli- 
cation ( |[H J|| ) which is a morphism of complexes if A is commutative. 



Theorem 6.7.2. There exist natural morphisms of complexes 
• : CC.(A) ® CC.{£\) ->CC.(A) 

• : CC p , er \A) ® CCl er {Z* A ) -*CC per {A) 

such that: 

1. For a Hochschild cochain D G C P (A, A) 

(a <g) • • - ® a N ) • D = (—l) pN a D(a 1 , ■ ■ ■ , a p ) <g) a p+1 • • • ® a N 

(a (8) • • • <g> a N ) • (1 ® D) = {-\) {p - 1)N L D {a <g> • • • ® a N ) 

2. If one views CC~(A) as a subspace of CC~{E' A \ then the induced 



product on CC, (A) becomes the Hood- Jones product from [|ID 
the same for CC per . 

The product • is given by the formula 

a»x = a»\x + a»2X + u- a»3X 

where are constructed in [|NT2|| . (One can show that in fact CC~(S A ) 
is an algebra and CC~(A) is an module over this algebra (this 
structure extends the A^ structure from ||GJ|Q ). 

Let Q A [e) = Q*a + Q A e, e 2 = 0, dege = 1. Let u be a formal parameter 
of degree 2 and consider the graded algebra £/(g^[e])[u] with the dif- 
ferential u ■ + 5 (recall that 5 is the differential in g^). Let * be the 
Hood - Jones product on CC~(£ A ). 

Theorem 6.7.3. There exist morphisms of complexes of k[u]-modules 
U(QaM)M®u {s ' a)[ u ] CC.(A) - CC.(A) 

^[eDIti,!*- 1 ] )[thU -i] C7CT(i4) ^ CCr(A) 
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such that 

(e-Di eD m ) • a = I(D 1 , ... , D m )a = 

m z — ' 



The motivation for this theorem is the following. If A = C°°(M) then 
if C~ (A) is isomorphic to the cohomology of the complex Q' (M) [[u]], ud 
the cohomology of g* A is the graded Lie algebra g' M of multivector fields 
on M; one can define an action of q' m on HC~(A): for two multivector 
fields X, Y the action of X + eY is given by Lx + Ly where iy is the 
contraction operator and L x = [d, l x ] ■ 

Remark. One can extend the pairings in theorem |6.7.3| to an action 
up to homotopy of 0^[e] on CC.(A), i.e., to an morphism from 
g' A [e}toEnd' k (CC-(A)). 

For the readers convenience let us show how to reduce Theorem |6.7.1 
from Theorem |6.7.3| . Let M(A) be the algebra of matrices {aij)o<i,j<<x 



for which ay G A and all but finitely many of a%j are zero. The same 
space considered Lie algebra is Ql(A). 

Let Mqo (A) be the associative algebra of matrices (cLij)i<ij<oa such 
that G A and = on all but finitely many diagonals. There is a 
morphism of differential graded Lie algebras gl(A[r/]) — >q a where r\ is 
a formal parameter of degree —1 such that rf = 0; the differential on 
A [rj] is d/df]. This morphism sends rja to a in C° and a to ad(a) in C 1 . 

Consider the following morphisms: 

CCl er {A) ^CC^XM^A)); 

CC p , er (M(A)) ^ CC p , er (A) 

The map i is induced by the inclusion a i— »■ a ■ 1; the second map tr 
acts as follows: 

(a m , . . . , a B m„) i-> tr(m . . . m n ) (a , . . . , a n ) 

for Oj G A and G M(k). One checks easily ( ||JNT2[ |) that the restric- 
tion of the pairing from Theorem |6.7.3| to g[(A[?y]), when composed 



with i and tr, descends to a pairing 

(k[u) ®uw°M))M u (d l ( A hv]))[u]®u( s KkM))[u]) ® CK7l.(A) ->CC r I.(A) 

Finally, consider the complex C,(fl[(A[?y]), g[(/c))[w] with the differential 
d -\- u ■ J- . Let g = gt(A) and f) = gl(/c). One constructs a morphism of 
complexes 
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as follows. To describe the image of a chain D 1 A - ■ ■ A D n A rjEi A • • ■ A 
rjE m , write the expression 

Di(e -rj) D n (e - rj) ■ E t eq E m ei] 

and then represent it as a sum 

±D ^ D Lk 7]-E x er] E n er] ■ D h e D jm e 

in the symmetric algebra of the graded space g[e, rf[. For example D \— > 
Dt -Drj) 

D 1 AD 2 .— > D 1 r ] -D 2 r ] +D 1 7 1 -D 2 e+(-lY lDll+lKlD2l+1) D 2 7 1 -D 1 e+D 1 e-D 2 e 
D x A D 2 7] i — ► -D lV ■ D 2 er] + (-l)(\ D ^+ 1 )(\ D ^+ 1 ) D 2 er] ■ D x r] 

etc. 

Thus one gets a pairing of C,-i(qI(A[t]}), gl(k))[u] with CCZ m (A); 
Theorem |6.7.1| now follows from Theorem |6.4.1| . 

6.8. Rigidity of periodic cyclic homology. Let Aq be an associa- 
tive algebra over a ring k of characteristic zero. Let t be a formal 
parameter. Consider a formal deformation of A , that is, an associa- 
tive fc[[t]]-linear product * on A[[t\] such that a * b = ah + 0(t) for 
a, b G Aq and l*a = a*l = a. We will denote by A the algebra 
(v4 [[i]], *) and by A [[i]] the (undeformed) algebra of power series with 
values in A . 

There are two versions of Hochschild, cyclic, etc. complexes for 
complete fc[[t]]-algebras: one is defined using tensor products over k, 
the other using completed tensor products over k[[t}}. We will denote 
corresponding periodic cyclic complexes by CC^ CT (— )^,resp. by com- 
plexes by CC^ er (— )k[[t]]- Note that there are obvious projection maps 
p : CCl cr (-) k -^CCl er {-) m] . Define also the map a : CCl er (A) k -> 

ccr(A ). 

Theorem 6.8.1. (Goodwillie) 

1. The map a is a quasi-isomorphism. 

2. There is a canonical isomorphism of complexes x making the fol- 
lowing diagram commute: 

CCr\A) k A CCr(A ) 

lp Ip 

CCr(A) m ± CCr(A [[t}}) m] 

Proof. First, let us construct \- Put A(ai, 02) = a\a 2 — a\ * a 2 \ then A 
is an element of %\ such that 

<5A + i[A,A] = 0. 
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Since A is divisible by t, the operation 

* = E^ J ( A '---' A ) ( 6 - 22 ) 

is well-defined on CC^ cr (A) k ^ (where /(A,... , A) are the operators 
from theorem |6.7.3| ). One checks that \ is indeed a morphism of com- 
plexes ([ NT2 |).It is equal to identity modulo t, therefore it is invertible. 
Note that formula ( |6.22|) also defines an isomorphism 

Xk : CCT(A) k -^CCr(Ao[[t]}) k 

Now let us observe that the maps 

ccr(A [[t}}) k ^ccr(A ) 

and 

induce mutually inverse isomorphisms on homology. Indeed, the oper- 
ator La_ acts by zero on homology because 

Thus we get a commutative diagram in which all horizontal maps are 
quasi-isomorphisms: 

ccr(A) k ^ ccr(A [[t]]) k a ccr{A Q ) 

[p [p it 

CCr(A) m *> CCr(A [[t]]) m] = CCr(A [[t]]) m 
But axk = which concludes the proof. □ 

7. Appendix 2. Review of Lie algebra cohomology and 
characteristic classes 

For a differential graded Lie algebra (DGLA) (g, 5) over k let U(g) 
denote the universal enveloping algebra of (g, 5) (this is a DGA with 
the differential S acting by the Leibnitz rule). 

For a DGLA (g, 8) over k let g[e] = (g, 5) (g) fc (k[e}/e 2 , — ), where 



deg e=l. 

For a DGLA (g, 8) over k and a DGL-subalgebra f) let 

C(fl) d = ^(flH) ®t/( fl ) & , 
C(fl)i) = *: ®u{*,) U{Q[e}) ® u{s) k , 

def 

c.M) =* k 
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The structure of a DG coalgebra on U(q) induces similar structures on 
all of the above complexes. 
For a left g- module L put 

C'(g,L) = Rom u{s) (U(g[e]),L) (7.1) 

C'(g,hL)=Kom u(9 )(U{ S [e])®um)> L ) ( 7 - 2 ) 
C'(g) = C'(g,k); C"( 0! ()) = C"( ,f);A;) (7.3) 

The differential in C, C, will be denoted by d. The complexes C'(g) 
and C'(g, f)) are differential graded commutative algebras; C*(g, L) is a 
DG module over C*(g, ) and C'(g, f); L) is a DG module over C"(g, fj). 
Of course our definitions are equivalent to the standard ones; the dif- 
ferential d consists of two parts, the Chevalley-Eilenberg differential 
and the one induced by the differential on g. 

For an element X of g, right multiplication by X (respectively by 
eX) on C/(g)[e] induces a derivation L x , resp. l x of the DG algebra 
C*(g) and of the DG module C'(g,L). These derivation satisfy 

[d ) L X ]=L x ; [L X ,L Y }=L [X:Y] ; [d,L x ] = 0; (7.4) 
[Lx, I'y] = t[x,yj; Vx, ><y] = 

for X, Y in g. 

7.1. Characteristic classes with coefficients in the trivial mod- 
ule. In this subsection we will construct the map S ,m (f) / ) f ' — ► H 2m (g, I)) 
from the space of invariant polynomials on f) to the relative Lie algebra 
cohomology. We will first construct it at the level of cohomology and 
then represent by explicit cochains. 

Let f] be a formal parameter of degree 1, rf = 0. Construct the 
differential graded Lie algebra (g[rj], J^-) exactly as in the beginning of 
Section |[[ Consider the map 

C.(g,M->C.( fl fo],&) (7-5) 

Lemma 7.1.1. i) The inclusion 

C.(f)[77],h)^C.(0[77],h) 

is a quasi-isomorphism. 
ii) One has 
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We leave the proof to the reader. 

We get a map H,(g, fj) —> S*'(§\\ for any invariant polynomial P 
from S m Put 

c P = m\Poa 6 H 2m (g,i)). (7.6) 

Our next aim is to represent these cohomology classes by explicit 
co chains. 

Choose an f)-module decomposition g = f) © V; define the cochain A 
in C 1 (0) (g) f) where f) is viewed as trivial jj-module as follows: 

A(X) = (Projection of X tot) along V) (7.7) 

For f)-valued forms on g (or, more generally, for elements of C* ® f) 
where C* is a commutative differential graded algebra) we define the 
bracket 

[if i ®h u if 2 ® h 2 \ = (<fi ■ f2) ® [hi, h 2 ] (7.8) 

for fi in C* and hi in f). The complex (C'(q) <8> f),9 iie ) becomes a 
differential graded Lie algebra. One has 

L h A+[h,A} = 0; L h A = h (7.9) 

for h in f). Put 

i? = 9 iie A + - [A, A] (7.10) 

One has 

i?(X, Y) = [A{X), A{Y)\ - A([X, Y}) (7.11) 

for X,Y eg. 

Lemma 7.1.2. For any h in\) 

i h R = 0; L h R + [h, R] = 0; d Lie R + [A, R] = 

Proof. Follows from ( [7.9|) and [7. 10| by a straightforward computa- 
tion. □ 

Note that any multilinear form on f) extends to a C'(g) -valued form 
on C'(g) <g> I): just put 

P(V?1 (8) hi, . . . ,<fm® h m ) = <fi. . .<f m ® P(hi, ... , h m ) 

Definition 7.1.3. Let P be an element of S m (i)') t> . Put 
c P = P(R,... ,R)EC 2m (g) 
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Proposition 7.1.4. i) The cochain cp is a cocycle in C 2m (g, f)) 

ii) The cohomology class of this cocycle is given by the formula ([7. 
In particular it does not depend on a choice of a decomposition q 



Proof. Using Lemma |7.1.2| one sees that 

m 

d Lie c P = J2P(R,--- ,[AR},... ,R) = o 

t=i 

because P is f)-invariant; by the same Lemma, ihCp = and 

m 

L h c P = J2 P ( R >--- AKR],--- ,R) = 0. 

i=l 

This proves i). To prove ii), note that the cochain A extends to the 
differential graded Lie algebra g[rj] by putting 

A(X + V Y) =A{X). 

Put 

R = d Ue A+^-A + -[A,A\. (7.12) 
or) 2 



Then all the properties of A and R (formulas [7.9| , Lemma [7.1.21 , the 
statement i)) still hold if one replaces d Lte by d Lte + Now note that 

R(rjh) = h; P(R, ... , R)(rjh, . . . , rjh) = m\P(h, ... ,h) 



(7.13) 

which is the same as in (|7.6|) . □ 

7.2. The Weil algebra. The Weil algebra of a Lie algebra f) is the 
relative cochain complex C*(l)[rj],t)) with the exterior product and the 
differential 

QW = QUe + 9 

or) 

Denote this differential graded Lie algebra by W'(fy). 

Remark 7.2.1. Let us give an equivalent definition. Let W'(§) be the 
free commutative differential graded algebra with unit generated by 

W\\)) = f,', 
W 2 (t)) = f,' 
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(t)' is the dual space to f) ); by A, resp. R we denote the element of 
W l (§) <8> f), resp. W 2 (\j) £g> f), corresponding to idf,; then the differential 
d w is by definition given by 

d w A — R—-[A,A); d w R=-[A,R] (7.14) 

The bracket in the above formula is given by (\7.8j) 

Let h be an element of f). For p > define i h : W p (t)) —> W p ~ l (\]) 
to be the unique derivation which, for I e fj', sends the corresponding 
element of W 1 to 1(h) ■ 1 and the corresponding element of W 2 to zero. 
Let L h : W"(f)) — > W'(fy) be the unique derivation whose restriction to 
W 1 and W 2 corresponds to the operator Ad* h on ty. The operators Lh 
and th are the same as those defined before ( |7.4j ). Either using this or 
checking directly one gets 

[d w ,L X )=L x ; [L x , L Y ) = L[ X ,y]', [d w ,L x ] = 0; 

(7.15) 

[L X , L Y ] = l^[X,Y]'i [ L Xi l y] = 

for X, Y from f). One has also 

L h A = h- L h A + [h, A] = (7.16) 

Definition 7.2.2. Let (W',d w ) be any complex equipped with oper- 
ators l x of degree —1 and L x of degree zero which are linear in X G P) 
and satisfy ( |7.15| ). We call an element ip of W* basic if Lhf = Lh^p = 
for any h E f). The subcomplex of basic elements of W* is denoted by 

W bas- 

We can now give another definition of the characteristic classes cp. 
Let be a Lie algebra, f) its subalgebra such that q is completely 
reducible with respect to f). Consider the f) - valued cochains A and R; 
they define a morphism of differential graded algebras 

WOO-C-(fl); (7.17) 

because of ( |7.9|) and ( [7.16|) this map commutes with the operators L h 
and Lh and therefore restricts to the subcomplexes of basic elements. 
But 

C'(g) bas = C-( , f)); W(f)) 6as = S**W)*; 
therefore one gets a morphism of differential graded algebras 

S'W-C-fob) (7.18) 

Clearly, this map sends an invariant polynomial P on () to the cocycle 
cp from definition |7.1.4j . 



42 P.BRESSLER, R.NEST, AND B.TSYGAN 

7.3. Characteristic classes in relative Lie algebra cohomology 
with coefficients in homotopically constant complexes of mod- 
ules. Let, as above, g be a Lie algebra and f) a Lie subalgebra of g 
which is reductive and whose action on g is completely reducible. As- 
sume that (L*, d) is a complex of g- modules on which f) acts completely 
reducibly. We denote the action of an element X of g on L* by Lx- 

Definition 7.3.1. The complex L* is said to be homotopically con- 
stant if there exist operators ix '■ L p — > LP" 1 , X G g, p > 0, which are 
linear in X and satisfy 

[d,ix]=L x ; [L X ,L Y ] = L [X>Y] ; [d,L x ] = 0; (7.19) 
[Lx, ty] = l [x,y], [ L Xi l y] = 

for X, Y in g. 

Let L* be homotopically trivial. We shall construct morphisms of 
complexes 

c: W(f))®L* ^C'{g,L 9 ) (7.20) 

and 

c : (Wft) ® L*) 6as -> C"(g, f>; L*). (7.21) 
(The operators t^, L ft on the left hand side of ( |7.20| ) are defined by 

L h (w ®l) = i h w®l+ (-l) H w <g> tfcZ; 

L h (w ® /) = L^w (g> / + it; <g> 

The latter will be the restriction of the former to the subspace of basic 
elements. To define the morphisms c, construct the map 

L'^C'(g,L) (7.22) 
as follows. For I 6 L m consider the cochains \ p E C p (g, L m ~ p ); 

\'(X 1 ,...,X p ) = i Xp ...i Xl (l) 
Then the map ( |7.22|) sends an element / of L* to the cochain 

p>0 

Consider also the morphism (|7.20f) . We get the map 

Wfi) ® V -> C"( fl ) <g> L* -> C*(g, L") (7.24) 
(the last arrow denotes the ^ product). 
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Lemma 7.3.2. i) For h G f) and I G L* one has 

<ft. h i = th<-Pi 

where in the right hand side Lh and L h are those defined before (\7.4) - 
ii) For I G L* and a G t7(g[£r]) one has 

cp dl (a) = d Lie ^{a) + (-lpdip^a) 

In other words, the map (\7. 22J is a morphism of complexes and it 



commutes with the operators Lh, Lh for h G f). 

Proof The first equation of i) is obvious. The second follows from 
the first, from ii) and from [d, Lh] = Lh, [d Lie , Lh] = Lh- To prove 
ii), note that formulas ( |7.19| ) mean that the differential graded algebra 
(U(Q[e]),-§- £ ) acts on (L\d). For a G U(g[e] put a = (-ljHCM- 1 )/ 2 ^ 
then 



,da 



da. 



(d^< fl )(a) = w(-) = (—y.l=[a,d].l 



adl-{-lpd{a-l) 



Proposition 7.3.3. The composition ([7 
plexes commuting with Lh-, Lh for h G f). 

Proof Follows from Lemma |7.3.2| □. 
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